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Topological photonics have led to the robust optical behavior of the device, which has solved the
problem of the influence of manufacturing defects and perturbations on the device performance.
Meanwhile, temporal coupled-mode theory (t-CMT) has been developed and applied widely. How-
ever, the t-CMT of cascaded coupling cavities (CCC) system and its corresponding high-order filter
has yet to be established. Here the t-CMT of CCC system is established based on the existing
t-CMT. By combining the CCC with the topological waveguides, a versatile design scheme of the
high-order nonreciprocal add-drop filter (HONAF) is proposed. The relationship between coupling
effect of cavities and transmission and filtering performance of HONAF is analyzed quantitatively,
then a method to improve the transmission efficiency and quality factor of the filter is given. Based
on the combination of gyromagnetic photonic crystals and decagonal Penrose-type photonic qua-
sicrystals, a HONAF is proposed. The transmission and filtering performance of the HONAF are
numerically analyzed, which verifies the consistency between the theoretical prediction and the nu-
merical simulation. The t-CMT of CCC system established can be widely used in the coupled
resonator optical waveguides and their related systems. The designed HONAF can also be widely
used in communication systems.
I. INTRODUCTION
Optical integrated circuits with large density, high
speed transmission and low energy consumption have de-
veloped rapidly [1]. With the continuous development
of micronano lithography and subwavelength structure
manufacturing technologies [2–4], novel micronano pho-
tonics devices have been proposed, such as fibers [5–
8], sensors [6], lenses [9, 10], couplers [11], absorbers
[12–15], resonators [16–21], and other photonic crystal
(PC) devices [22]. Optical resonator is the core part
of many micronano photonics devices due to its excel-
lent natural frequency selection characteristics, such as
coupled resonator optical waveguides (CROWs) [16] fil-
ters [23], sensors [24], lasers [25], etc. The frequency-
division/recombination of signals in optical filters plays
an irreplaceable role in optical integrated circuits. There-
fore, the design and characteristics of optical filters have
been researched for a long time [18, 23, 26–32].
At present, the filters constructed by a single cavity
have the characteristics of multiple drop channels, non-
reciprocity, high transmission efficiency (T ) and quality
factor (Q), and the radiation loss inherent in the PC
cavities has been reduced to a low level [17–20, 26, 32].
However, these filters are unable to immune to the de-
fects in waveguides or cavities, and the transmission ef-
ficiency is sensitive to the coupling phase shift between
waveguides and cavities, which brings great troubles to
device fabrication and application [16, 20, 27]. Further-
more, the performance of the single cavity filters for the
out-of-band rejection ratios and flat tops bandwidth tun-
able property is poor. In fact, the practical function also
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needs to be further expanded [17, 18, 20, 26, 27]. In
order to overcome these problems, a topological nontriv-
ial waveguide and cavity was introduced into PC filters,
which can be immune to the defects in structure, bring-
ing the transmission characteristic of reciprocity, and the
problem that the transmission efficiency is sensitive to
the coupling phase shift of optical waveguides and cav-
ities is solved [19, 26]. Therefore, PCs with topological
properties are widely used, such as isolators [33], one-way
waveguides [34–43], resonators [19, 21, 44, 45], lasers [46]
and logic gates [47], etc. In addition, the structure of the
filters cascaded with microring resonators can improve
the out-of-band rejection ratios, possess flat tops band-
width tunable property and realize multiple filtering, but
its structure is more complex and the composition of the
material is not common [28, 29]. Moreover, the exist-
ing temporal coupled-mode theory (t-CMT) can only ac-
curately predict the transmission efficiency and quality
factor of a single cavity or a small number of cavities
coupling systems [22, 26]. In order to make it more uni-
versal, that is, to predict the transmission efficiency and
quality factor of any cascaded coupling cavities (CCC)
system, and to improve its structure to optimize per-
formance parameters, it is indispensable to explore and
derive the applicative t-CMT equations for infinite CCC
system.
In Section II, based on the existing t-CMT, the t-CMT
of CCC system is derived. The transmission and filter-
ing characteristics of four-channel high-order nonrecipro-
cal add-drop filter (HONAF) coupled by topological PC
waveguides and the CCC are deeply researched to find
a multifunctional and high-performance filter and a uni-
versal design scheme. In Section III, in order to verify
the strictness and practicability of theoretical analysis,
combining the gyromagnetic photonic crystals (GPCs)
[38] and photonic quasicrystals (PQCs) [48, 49] (excel-
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2lent frequency selectivity) with abundant defect mode
properties, a composite HONAF is proposed, whose per-
formance index is analyzed when the number of cascaded
cavities varies. Point defects (size and material of sev-
eral scatterers changed) and line defects are introduced to
verify the properties of the waveguide channels protected
by topology. The main work of this paper is briefly sum-
marized in the Section IV.
II. THE t-CMT OF CCC SYSTEM
Weak coupling is an indispensable condition of the t-
CMT, which guarantees the evanescent wave coupling
relationship between waveguides and cavities, and the
favourable frequency selection behavior of cavities. Weak
coupling can be achieved by placing enough scatterers
around the cavities [22]. Therefore, it is assumed that
the relationship between waveguide channels and the cas-
caded cavities in the HONAF is weakly coupled. The
operating principle of the HONAF system is shown in
Fig. 1. Two nonreciprocal waveguides constitute the bus
waveguide W1 and the add/drop waveguide W2 respec-
tively, which is coupled with cascaded cavities to form a
four-port system. The signal in the bus waveguide passes
through the frequency selection behavior of the cavities
and drops the signal of the specific frequency to the P3
or P4 port determined by the nonreciprocal direction, i.e.
the signal drop channel of the HONAF system can be
transformed by nonreciprocal direction. Moreover, if the
light wave signal is input from the add/drop waveguide
channel, the function of add signal can be realized.
For convenience, two nonreciprocal waveguides and
cascaded cavities are both structurally and functionally
FIG. 1. Schematic diagram of the HONAF. W1 and W2 rep-
resent bus and add/drop waveguides, respectively; P1, P2,
P3 and P4 represent the four ports of the HONAF, and the
blue discs represent the cavities; S1, S2, S3 and S4 repre-
sent normalized amplitudes of the input and output fields,
respectively; SNi, (i = 1 to N), represents normalized ampli-
tudes of the cavity output fields; ANi represents normalized
amplitudes of the cavity fields; µ represents the interaction
factor between the nearest-neighbor cavities; τ1, τ2 and τa
represent the lifetimes of the cavity fields decay into the bus
waveguide, the add/drop waveguide and the nearest-neighbor
cavities, respectively.
symmetric, which supports only one mode within the de-
sired frequency range. When the field source is placed on
port P1 and the drop port is set as P4 [Fig. 1], then the
transmission efficiencies of all the ports of the HONAF
(derivation process see S.I within the Supplemental Ma-
terials) are
T2(1) =| S2
S1
|2
=| 1− 2/(τ1τ2)
1/2
j2pi(f − f0) + 1/τ0 + 1/τ1 + 1/τ2 |
2,
(1)
T2(N) =| S2
S1
|2, (N ≥ 2)
=| 1− 2/(τ1τ2)
1/2(−jµ+ 2/τa)N−1
dHN−1 + cFN−1
|2,
(2)
T3(N) =| S3
S1
|2= 0, (N ≥ 1), (3)
T4(1) =| S4
S1
|2
=| 2/(τ1τ2)
1/2
j2pi(f − f0) + 1/τ0 + 1/τ1 + 1/τ2 |
2,
(4)
T4(N) =| S4
S1
|2, (N ≥ 2)
=| 2/(τ1τ2)
1/2(−jµ+ 2/τa)N−1
dHN−1 + cFN−1
|2,
(5)
where,
dHN−1 + cFN−1 =
abd+ 2ac+ 2cd− bc+ (ad+ c)(b2 + 4c)1/2
2N−1(b2 + 4c)1/2(b+ (b2 + 4c)1/2)2−N
− abd+ 2ac+ 2cd− bc− (ad+ c)(b
2 + 4c)1/2
2N−1(b2 + 4c)1/2(b− (b2 + 4c)1/2)2−N ,
(6)
a = j2pi(f − f0) + 1/τ0 + 1/τ1 + 1/τa, (7)
b = j2pi(f − f0) + 1/τ0 + 2/τa, (8)
c = jµ(−jµ+ 2/τa), (9)
d = j2pi(f − f0) + 1/τ0 + 1/τ2 + 1/τa, (10)
where, the physical significances of parameters a, b, c and
d are complex frequencies. j is an imaginary unit, and f
is the mixed frequency of the input time harmonic field.
f0 is the resonance frequency of a single isolated cavity,
and N represents the number of cascaded cavities (i.e.
3the order of the HONAF). According to the definitions
of τa and µ, the change in µ will lead to the change in
τa, assuming that
τa = Aˆµ, (11)
where Aˆ is the operator factor, representing the relation-
ship between τa and µ. Generally, τa increases with the
increase of µ. The specific functional relationship be-
tween them needs to be obtained according to the specific
structure.
Then, the transmission efficiency of drop port P4 is
specifically analyzed, i.e. (5). If a, b, c and d are sub-
stituted into (5), the higher-order function of f − f0 can
be obtained, and the highest-order is N . Specifically, the
numerator of the T4(N) expression is a constant, while
the denominator is a high-order polynomial in terms of
f − f0. Therefore, within a large frequency range, the
T4(N) transmission spectrums will possess multiple for-
mants. According to the definition of transmission effi-
ciency of filter [22], Tmax=1. Therefore, if the maximum
value of transmission efficiency is set to T4(N) = 1, the
N -order equation of f − f0 is obtained by simplification.
There are at the most N real solutions to this equation,
i.e. there are at the most N formants in the transmission
spectrums of T4(N), whose positions are determined by
τ0, τ1, τ2, τa and µ.
Next, the laws and reasons of producing multiple for-
mants are explored. According to the T4(N) expression,
when N ≥ 2, the influence term of interaction factor
µ between the nearest-neighbor cavities appears in (5).
Therefore, it is assumed that the coupling distance is far
and there are enough transmission media between the
nearest-neighbor cavities. In this case, the coupling form
between the nearest-neighbor cavities is evanescent wave,
so that µ→ 0, then the (5) changes to
T4(N) =| 2
N/(τ
1/2
1 τ
1/2
2 τ
N−1
a )
j2pi(f − f0) + 1/τ0 + 1/τ1 + 1/τa
× 1
j2pi(f − f0) + 1/τ0 + 1/τ2 + 1/τa
× 1
[j2pi(f − f0) + 1/τ0 + 2/τa]N−2 |,
(12)
where N ≥ 2. According to (12), the numerator order is
the same as the denominator order in T4(N) expression.
Hence, the transmission spectrums with T4(N) expression
only possess a single formant, which is located at the
frequency point f0, and the peak value of transmission
efficiency is related to τ0, τ1, τ2 and τa. Furthermore,
as can be seen from the denominator of (12), the larger
the value of N is, the sharper the formant at f0 (when
f approaches f0 from a distance, T can quickly reach
the maximum value) is. Therefore, as N increases, the
bandwidth of the formant decreases. According to the
definition of Q [22], this means that Q will increase as N
increases.
In the case of ignoring the influence of µ, the influence
of the size relation between τ1, τ2 and τa on the trans-
mission efficiency of the drop port P4 is discussed. If the
designed HONAF satisfies the condition τ1 6= τ2 6= τa,
the maximum value of T4(N) can be obtained from (4)
and (12), that is
T4(1)max =
4τ1τ2
(τ1τ2/τ0 + τ1 + τ2)2
, (13)
T4(N)max =
4Nτ1τ2τ
2
a (τa/τ0 + 2)
4−2N
(τ1τ2/τ0 + τ1 + τ2)2(τ2τa/τ0 + τ2 + τa)2
, (N ≥ 2).
(14)
In the general structure, the values of τ1, τ2 and τa
are diminutive, i.e. the relation 1 > T4(1)max >
T4(N)max, (N ≥ 2) is valid, indicating that the trans-
mission efficiency of the drop port P4 will decrease with
the increase of N without ignoring the influence of τ0. If
the influence of τ0 is ignored in cascaded cavities, it can
be obtained
T4(1)max =
4τ1τ2
(τ1 + τ2)2
, (15)
T4(N)max =
16τ1τ2τ
2
a
(τ1 + τa)2(τ2 + τa)2
, (N ≥ 2). (16)
Obviously, there is 1 > T4(1)max > T4(2)max =
T4(N)max, (N ≥ 2), i.e. in the case of N ≥ 2, T4(N)max is
a constant. If the designed HONAF satisfies the condi-
tion (which can be satisfied if the leaky components [17]
of cavities are completely symmetrical),
τ1 = τ2 = τa, (17)
and if the influence of τ0 is ignored, then, it can be seen
from (15) and (16) that T4(N)max ≡ 1 is valid obviously.
Specific structure parameters are substituted into (4) and
(12), then the transmission spectrums of the HONAF can
be obtained (see S. II within the Supplemental Materi-
als), that intuitively shows the correctness of the theory
mentioned above. Therefore, a filter with high Q can be
obtained by cascaded cavities without changing the res-
onance frequency of the single isolated cavity. Moreover,
the above studies found that only when τ1 = τ2 = τa, the
maximum drop efficiency of the HONAF could reach 100
percent. Next, the quality factor expression (QN ) of the
N th-order HONAF, in the case of τ1 = τ2 = τa, τ0 = 0
and µ = 0, is derived (see S. III within the Supplemental
Materials)
QN = Q0(2
1/N − 1)−1/2, (18)
where Q0 is the quality factor of the single isolated cavity.
Obviously, QN is a function of N , when N →∞, QN →
∞. However, in the actual situation (with energy loss),
as N increases, the loss of the whole CCC system will
inevitably increase, hence QN cannot approach infinity.
The first derivative of QN with respect to N is Q
‘
N >
40,i.e. QN increases monotonically with the increase of
N . The second derivative Q“N < 0,i.e. the line spectrum
of QN is upward convex type. Therefore, as N increases,
the growth rate of QN becomes smaller and smaller. The
cascade of more cavities will no longer play a leading role.
However, in this case, N is a large value, and the self-
loss of the CCC system will play a leading role. The Q0
of a single cavity is substituted into (18) to obtain the
spectrum of QN changing with N in the CCC system,
which is consistent with the above analysis (see S. III
within the Supplemental Materials).
It’s worth noting that the µ→ 0 condition is harder to
satisfy. The reason is that the interaction between cas-
caded cavities always exists, even if the coupling distance
between the nearest-neighbor cavities is very long, there
is still a weak interaction, and it can be seen from (5)
that this kind of interaction increases with the increase
of N (In the denominator of the T4(N) expression, the
influence of mu is strengthened with the increase of N).
Hence, for the higher-order HONAF, the influence of in-
teraction between cascaded cavities cannot be overcome
theoretically. If the coupling distance between the cav-
ities is too large, new problems will arise, such as the
coupling efficiency between the waveguide channels and
the cavities will decrease, thus reducing the drop efficien-
cies.
As the coupling distance between the cascaded cavi-
ties is reduced, the coupling form between the nearest-
neighbor cavities will gradually change from evanescent
wave coupling to near-field coupling. However, the dis-
cussion in this paper is limited to the category of evanes-
cent wave coupling, and it is assumed that the HONAF
still satisfies the weak coupling condition. The interac-
tion factor µ will play a leading role in this process, so
that the CCC system will show more excellent charac-
teristics. According to (11), the change of µ leads to the
change of τa (the specific change depends on the spe-
cific structure). From (5), it can be seen that the µ will
have an impact on the transmission efficiency of the drop
port, which will be intensified with the increase of N
(In the denominator of (5), the influence of µ polyno-
mial will increase). Once µ 6= 0, µ polynomial will cause
transmission spectrums of the T4(N) to split from a sin-
gle formant into multiple formants. When µ is slightly
greater than zero, peak spikes appear in the single for-
mant in the T4(N) transmission spectrums. When µ is
large enough, the single formant will completely split into
multiple formants in the T4(N) transmission spectrums.
As long as µ 6= 0, the splitting effect will persist. It can
also be seen from (5) that the number of formants gen-
erated by the influence µ is N , and the positions of the
formants after splitting are symmetrical about f0. Ac-
cording to (5), the obtain the transmission spectrums of
the HONAF with specific structural parameters shown
that the conclusion is consistent with the above. Under
the same parameters, when N is large, single formant
is more likely to split into multiple formants (see S. IV
within the Supplemental Materials). This means that in
the actual HONAF, even if the coupling distance between
the nearest-neighbor cavities is large, as N increases, its
transmission spectrums will inevitably split from single
formant to multiple formants.
It is important to note that when the coupling distance
between the cascaded cavities is too close, the strong cou-
pling will make the interaction between the cascaded cav-
ities becoming more complex, even the cascaded cavities
have merged into a whole, the property of the isolated
cavity will gradually disappear, to create a new cavity,
the emergence of new properties, such as different reso-
nance frequency from that of isolated cavity, the number
of formants is no longer equal to N , and the resonance
frequency is not symmetrical about f0. The above theory
is no longer universally applicable in this case.
Furthermore, the transmission efficiency equations ((1)
to (5)) of the HONAF discussed above is also generally
applicable to CROWs. Simply remove the two waveguide
channels (the bus waveguide and the add/drop waveg-
uide) or change the transmission direction of the two
waveguides to coincide with that of the cascaded cavities
(i.e. to be couplers for input and output ports). Equation
(5) can be used to research the transmission character-
istics of the CROWs (see S. V within the Supplemental
Materials).
III. A HONAF VERIFYING THE t-CMT
In this Section, a HONAF is designed to verify the
correctness of the theory above, which can also be ap-
plied to the actual communication system. Two topolog-
ical waveguide channels are constructed by using two-
dimensional (2D) square lattice GPCs and decagonal
Penrose-type PQCs, and the decagonal Penrose-type
PQCs is used as the cavity to obtain the four-port system
of waveguide - CCC - waveguide.
The decagonal Penrose-type PQCs is shown in Fig.
2(a) [49]. The yellow scatterers in Fig. 2(a) are selected
as the basic cascaded unit (isolated cavity) to construct
the HONAF with cascaded cavities, as shown in Fig. 2(b)
(In order to prove the correctness of the theoretical pre-
diction in Section II and its generality with the simula-
tion results, the basic cascaded unit S can be arbitrarily
taken to construct HONAF S. The model and results
can be referred to S. VI within the Supplemental Materi-
als). In order to make the coupling between wave-guides
and cavities better meet the weak coupling condition and
ensure favourable frequency selectivity, the coupling dis-
tance between waveguides and cavities is increased, i.e.
more scatterers (white scatterers in Fig. 2), are taken in
the coupling cavity unit adjacent to the waveguide.
Ports P1 and P2 are provided to constitute the
bus waveguide, while ports P3 and P4 constitute the
add/drop waveguide. If the signal source is placed on
port P1, and external dc magnetic field in the direction
of−z and +z is applied to the left and right GPCs respec-
tively (the nonreciprocal directions are counterclockwise
5FIG. 2. (a) Decagonal Penrose-type PQCs; (b) 2nd-order
HONAF model.
and clockwise respectively), as shown in Fig. 2(b), so
that the port P4 is the drop channel. If P3 is taken as
the input port, and the direction of the external dc mag-
netic field in the GPCs is not changed, the HONAF will
realize the function of adding the signal and input the
signal into the bus.
In the GPCs (the blue medium columns in Fig. 2(b)),
the scatterer is yttrium-iron-garnet (YIG) with permit-
tivity ε1 = 15ε0, and permeability µ0 in the absence of
external dc magnetic field. The initial structure param-
eters are set as that, lattice constant a1 = 14 mm, scat-
terer radius r1 = 0.11a1, and the background material is
air. In the PQCs (the yellow and white medium columns
in Fig. 2(b)), the scatterer is alumina with permittivity
ε2 = 15ε0, and permeability µ0. The lattice constant and
the scatterer radius are a2 = 10 mm and r2 = 0.15a2 re-
spectively, and the background material is also air. The
coupling channel width between the GPCs and the PQCs
is d = 0.875a1. When the external dc magnetic field is
1600 G and the frequency is 4.28 GHz [38], the perme-
ability of the GPCs is the matrix tensor in the form of
µ =
 14µ0 ±12.4iµ0 0∓12.4iµ0 14µ0 0
0 0 µ0
 , (19)
since the magnetic field breaks the time-reversal sym-
metry, the two straight waveguides possess nonreciprocal
characteristics [50].
Next, the transmission performance of the HONAF
is analyzed. With initial structure parameters (whose
value obtained after structural parameters optimization)
and the order N = 1 to 6, the transmission spectrum
of the HONAF can be obtained [Fig. 3]. As can be
seen from Fig. 3, when the HONAF is in each reso-
nance state, T2(N) ≈ 0, T4(N) ≈ 1 and T3(N) ≡ 0, the
drop efficiency reaches almost 100 percent. Moreover,
with the increase of N , more and more formants in the
HONAF are generated, i.e. µ causes the resonance fre-
FIG. 3. Transmission spectrum of the HONAF
quency of the isolated cavity to split, producing multi-
ple resonance frequencies, and the number of resonance
frequencies is equal to the number N of cascaded cav-
ities. In other words, the function of multiple filtering
can be realized through cascaded cavities.The function
of multiband transmission can be realized if it is applied
to CROWs. Theoretically, the N can be increased con-
tinuously to obtain the HONAF with more channels and
realize the filtering function with any number of channels.
It can be seen from Fig. 3 that when N increases, the
bandwidth of formants decreases, and the formants band-
width at both ends is much narrower, while the formants
bandwidth in the middle is much wider. Furthermore,
with the increase of N , the out-of-band rejection ratios
of the transmission spectrums of port P4 also increases.
The above numerical simulation results are basically con-
sistent with the theoretical prediction. It is worth not-
ing that the cascaded cavities produce multiple resonance
frequencies that are not symmetric with respect to f0, but
are randomly dispersed in the frequency interval around
f0, which is slightly different from the theoretical predic-
tion. The reason is that the coupling distance between
cascaded cavities is diminutive, resulting the interaction
between the cascaded cavities is strong, and the interac-
tion is not only from the near-est-neighbor cavities, but
also from the next-nearest-neighbor cavities. In this case,
the interaction coefficient cannot be simply described by
µ, more complex interaction factors need to be intro-
duced, which is different from the original hypothesis of
the theory above. Moreover, when the coupling distance
between cascaded cavities is too diminutive, the t-CMT
will no longer be accurate [22]. The explanation of this
situation by the theory derived above is not reasonable,
therefore, the numerical simulation is slightly inconsis-
tent with the theory. In addition, by analyzing the elec-
tric field distribution laws in the cascaded cavities, it is
also proved that the reason why the HONAF possesses
multiple filtering function lies in the interaction between
cascaded cavities from the perspective of photon local-
6FIG. 4. The Q of HONAF in each resonance state
ization (see S. VII within the Supplemental Materials).
Next, the quality factor distribution laws of the
HONAF are analyzed. With the initial structure param-
eters and the order N = 1 to 24, the Q in each resonance
state are obtained by numerical calculation [Fig. 4]. As
can be seen from Fig. 4, with the increase of N , the aver-
age quality factor Qave ≡ 1/N
∑N
i=1QNi also increases,
indicating that performance of the HONAF becomes bet-
ter with the increase of N . For the HONAF with partic-
ular order, the distribution of Q at each resonance state
is U-shaped. The Q is the largest one at the resonance
state of both left and right ends, while it is the smallest
one at the intermediate resonance state (e.g. for the 3rd-
order HONAF, f032 is called the intermediate resonance
state, while f031 and f033 are respectively called the left
and right resonance states, and the other order HONAFs
are similar). Moreover, the distribution laws of Q at each
resonant state is also consistent with the photon localiza-
tion laws in the cascaded cavities mentioned above (see
S. VII within the Supplemental Materials). At the inter-
mediate resonance state, the photons are concentrated in
the cavities at the left and right ends, which are easy to
leak into the waveguide channels, hence the Q is much
smaller. When the cascaded cavities are at the resonance
state at the left and right ends, the photons are concen-
trated in the intermediate cavities, which are not easy
to leak, the Q is naturally much larger. This is also the
reason why the Q increases rapidly with the increase of
N (it is more and more difficult for photons to leak out)
at the resonance state of both left and right ends of the
HONAF, while the Q increases slowly at the intermediate
resonance state.
It is worth noting that the drop channels of the
HONAF can be regulated by external dc magnetic field,
i.e. the direction of the external dc magnetic field can
be controlled to adjust the nonreciprocal direction of the
add/drop waveguide, which determines the drop chan-
nels. For the HONAF designed above, change the exter-
nal dc magnetic field direction of GPCs in the right half
to −z, then the drop channel becomes P3. With the orig-
FIG. 5. The distribution diagrams of electric field modu-
lus value at resonance state f052 in 5
th-order HONAF in the
different cases: (a) and (b), the external dc magnetic field
direction of GPCs in the right half part is +z and −z, respec-
tively; (c), (d) and (e), reduce and increase the radius of the
scatterer as indicated by the green dotted circle, replace the
quasicrystal material alumina with silicon marked by green
ellipse dotted box and an ideal electrical conductor marked
by the white line, respectively. The green double arrow repre-
sents the light source and the green thick line represents the
monitors.
inal structural parameters, the transmission spectrums
and the distribution diagrams of electric field modulus
value at resonance state in 5th-order HONAF with de-
fects or not are shown in Fig. 5. When the external dc
magnetic field direction of the right half part of GPCs is
−z, T3(1) ≈ 1 and T2(1) ≈ 0, the drop efficiency is also
almost 100 percent. Meanwhile, T4(1) ≡ 0 due to the non-
reciprocal waveguide. By comparing Fig. 5(a) and 5(b),
it can be seen that P3 or P4 is used as the drop channel,
transmission efficiencies of the HONAF are basically the
same. Therefore, changing the drop port will not affect
the performance of the HONAF. Moreover, the nonre-
ciprocal waveguide channels designed possess a topolog-
ical nontrivial state, i.e. when there are defects in the
HONAF waveguides, the light wave in the waveguides
can bypass the defects and achieve 100 percent forward
transmission. It can be found from Figs. 5(c), 5(d) and
5(e) that, light wave can bypass the defects and transmit
forward without loss, indicating that waveguide channels
in the HONAF is topologically protected.
IV. CONCLUSIONS
In this paper, the t-CMT is used to derive the trans-
mission efficiency equations of the CCC system, which
is applicable to the general situation. A design scheme
of universal HONAF is proposed, which can improve
the Q and T through cascaded cavities and realize the
function of multi-channel filtering. It is concluded that
7the interaction between cascaded cavities leads to the
splitting of transmission spectrums from a single formant
to multiple formants. In the case of µ = 0, τ0 = 0 and
τ1 = τ2 = τa, the change equation of the QN of the
single formant HONAF increases with the increase of
N is derived. A HONAF composed of the GPCs and
the decagonal Penrose-type PQCs is designed. With the
change of N , the transmission characteristics and the
change laws of Q of the HONAF are obtained, which
verifies the consistency between theoretical prediction
and numerical simulation. By adjusting the direction of
the external dc magnetic field, the convertibility of drop
channel of the HONAF is verified, and the topological
protection of the waveguide channels is also verified
by introducing point defects (size and material of two
scatterers changed) and line defects.
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I. TRANSMISSION EFFICIENCY EQUATIONS
OF THE HONAF
The following equations are derived to predict the
transmission efficiency of HONAF with cascaded cavi-
ties. According to the t-CMT [SF1, SF2], in the cavities
and waveguides, the evolution equations of the normal-
ized amplitude of the fields over time are
dAN1
dt
=(j2pif0 − 1/τ0 − 1/τ1 − 1/τa)AN1
− jµAN2 +
√
2/τ1S1,
(S1)
dANi
dt
=(j2pif0 − 1/τ0 − 2/τa)ANi−
jµAN(i−1) − jµAN(i+1)+√
2/τaSN(i−1), (i = 2, 3, ..., N − 1),
(S2)
dANN
dt
=(j2pif0 − 1/τ0 − 1/τ2 − 1/τa)ANN
− jµAN(N−1) +
√
2/τaSN(N−1),
(S3)
SNi =
√
2/τaANi, (i = 1, 2, ..., N − 1), (S4)
SNN =
√
2/τ2ANN . (S5)
Suppose port P4 is the drop channel, according to the
nonreciprocity of waveguides, S3 = 0, then,
S4 = SNN . (S6)
According to the law of conservation of energy,
S2 = S1 − S4. (S7)
The physical significances of all the parameters are con-
sistent with the text. In addition, the interaction between
the next-nearest neighbor cavities has been ignored by
the (S1) to (S3). When the coupling distance between
the next-nearest neighbor cavities is far, and after the
isolation of the intermediate cavities, this kind of neglect
is allowed.
∗ jianjun.liu@hnu.edu.cn
The input time harmonic fields, the HONAF system is
a linear system, whose frequency is conserved. Therefore,
if the mixed frequency of the fields input at port P1 is
f , the fields oscillate in the system in the form of ej2pift,
and the result can be obtained
dANi
dt
= j2pifANi, (i = 1, 2, ..., N). (S8)
Substituting (S4), (S5) and (S8) into the (S1) to (S3),
and simplify the terms to get
[j2pi(f − f0) + 1/τ0 + 1/τ1 + 1/τa]AN1 =
− jµAN2 +
√
2/τ1S1,
(S9)
[j2pi(f − f0) + 1/τ0 + 2/τa]ANi = (−jµ+ 2/τa)
×AN(i−1) − jµAN(i+1), (i = 2, 3, ..., N − 1),
(S10)
[j2pi(f − f0) + 1/τ0 + 1/τ2 + 1/τa]ANN =
(−jµ+ 2/τa)AN(N−1).
(S11)
Introduce parameters a, b, c, d, and set as
a = j2pi(f − f0) + 1/τ0 + 1/τ1 + 1/τa, (S12)
b = j2pi(f − f0) + 1/τ0 + 1/τa, (S13)
c = jµ(−jµ+ 2/τa), (S14)
d = j2pi(f − f0) + 1/τ0 + 1/τ2 + 1/τa. (S15)
Substituting (S12) to (S15) into (S9) to (S11), the ex-
pression of AN1 can be solved from (S9). In (S10), set
i = 2 and substitute the expression of AN1 into (S10) to
solve the expression of AN2. Then set i = 3 in (S10),
and substitute the expression of AN2 into the (S10) to
solve the expression of AN3. Repeat this process to get
intermediate equations,
aAN1 = −jµAN2 +
√
2/τ1S1, (S16)
(ab+c)AN2 = −jµaAN3+
√
2/τ1(−jµ+2/τa)S1, (S17)
[(ab+ c)b+ ac]AN3 =
− jµ(ab+ c)AN4 +
√
2/τ1(−jµ+ 2/τa)2S1,
(S18)
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2{[(ab+ c)b+ ac]b+ (ab+ c)c}AN4 = −jµ
×[(ab+ c)b+ ac]AN5 +
√
2/τ1(−jµ+ 2/τa)3S1,
(S19)
...
The coefficients of ANi in (S16) to (S19) possess an itera-
tive relation, which is actually determined by the relation
between (S1) to (S5), and the iterative relation is always
valid when i ≤ N − 1. Therefore, the intermediate equa-
tions set as
HnANn = −jµFnAN(n+1) +
√
2/τ1
×(−jµ+ 2/τa)n−1S1, (n = 1, 2, ..., N − 1),
(S20)
Hn and Fn are defined as sequence of functions of n,
where n is positive integer, and nmax = N −1. From the
(S16) to (S19), can get
H1 = a, (S21)
H2 = bH1 + c, (S22)
H3 = bH2 + cH1, (S23)
H4 = bH3 + cH2, (S24)
F1 = 1, (S25)
F2 = a, (S26)
F3 = bF2 + c, (S27)
F4 = bF3 + cF2. (S28)
The general term formulas of Hn and Fn can be obtained
from (S21) to (S28). The correctness of this recursive
method is proved by the original (S1) to (S5). Therefore,
Hn+2 = bHn+1 + cHn, (n = 1toN − 1), (S29)
Fn+2 = bFn+1 + cFn, (n = 1toN − 1). (S30)
Obviously, the recursive expressions of Hn and Fn are
consistent. The general term formulas of Hn and Fn is
obtained by using the method of characteristic equation.
Hence, let the general term formulas of Hn and Fn be
respectively,
Hn = w1x
n
1 + w2x
n
2 , (S31)
Fn = v1x
n
1 + v2x
n
2 , (S32)
where, w1, w2, v1 and v2 are the coefficients, x1,2 is the
solution of the characteristic equation, and
x1,2 =
b±√b2 + 4c
2
, (S33)
w1 =
ab+ c− ax2
x21 − x1x2
, w2 =
ab+ c− ax1
x22 − x1x2
, (S34)
v1 =
a− x2
x21 − x1x2
, v2 =
a− x1
x22 − x1x2
. (S35)
By substituting (S34) and (S35) into (S31) and (S32)
respectively, the general term formulas of Hn and Fn are
obtained as
Hn =
(ab+ c− ax2)xn−11
x1 − x2 +
(ab+ c− ax1)xn−12
x2 − x1 , (S36)
Fn =
(a− x2)xn−11
x1 − x2 +
(a− x1)xn−12
x2 − x1 . (S37)
Substitute (S36) and (S37) back into (S20), and let n =
N − 1, (n ≥ 1→ N ≥ 2), the expression of AN(N−1) can
be solved. Substitute this expression into (S11), and the
expression of ANN can be obtained as
ANN =
√
2/τ1(−jµ+ 2/τa)N−1S1
dHN−1 + cFN−1
. (S38)
Then substitute (S38) into (S5), and utilize (S6) and
(S7), then get
S4 = SNN =
2/(τ1τ2)
1/2(−jµ+ 2/τa)N−1S1
dHN−1 + cFN−1
, (S39)
S2 = S1 − S4 =
(1− 2/(τ1τ2)
1/2(−jµ+ 2/τa)N−1
dHN−1 + cFN−1
)S1.
(S40)
Hence, the transmission efficiencies of HONAF system is
T2(N) =| S2
S1
|2=
| 1− 2/(τ1τ2)
1/2(−jµ+ 2/τa)N−1
dHN−1 + cFN−1
|2, (N ≥ 2),
(S41)
T3(N) =| S3
S1
|2= 0, (N ≥ 1), (S42)
T4(N) =| S4
S1
|2=
| 2/(τ1τ2)
1/2(−jµ+ 2/τa)N−1
dHN−1 + cFN−1
|2, (N ≥ 2).
(S43)
3In the case of N = 1, it’s easy to get
T2(1) =| 1− 2/(τ1τ2)
1/2
j2pi(f − f0) + 1/τ0 + 1/τ1 + 1/τ2 |
2,
(S44)
T4(1) =| 2/(τ1τ2)
1/2
j2pi(f − f0) + 1/τ0 + 1/τ1 + 1/τ2 |
2 . (S45)
Now, consider the polynomial dHN−1+cFN−1. Substi-
tute (S33) into (S36) and (S37), set n = N − 1, (N ≥ 2),
and then substitute dHN−1 + cFN−1, which is combined
and simplified to get
dHN−1 + cFN−1 =
abd+ 2ac+ 2cd− bc+ (ad+ c)(b2 + 4c)1/2
2N−1(b2 + 4c)1/2[b+ (b2 + 4c)1/2]2−N
− abd+ 2ac+ 2cd− bc− (ad+ c)(b
2 + 4c)1/2
2N−1(b2 + 4c)1/2[b− (b2 + 4c)1/2]2−N .
(S46)
The expressions for T4(2), T4(3), and T4(4) are listed
below,
T4(2) =| 2/(τ1τ2)1/2(−jµ+ 2/τa)/{[j2pi(f − f0)+
1/τ0 + 1/τ1 + 1/τa][j2pi(f − f0) + 1/τ0 + 1/τ2+
1/τa]+jµ(−jµ+ 2/τa)} |2,
(S47)
T4(3) =| 2/(τ1τ2)1/2(−jµ+ 2/τa)2/{[j2pi(f − f0)
+ 1/τ0 + 1/τ1 + 1/τa][j2pi(f − f0) + 1/τ0 + 1/τ2
+ 1/τa][j2pi(f − f0) + 1/τ0 + 2/τa]+jµ(−jµ+
2/τa)[j4pi(f − f0) + 2/τ0 + 1/τ1 + 1/τ2+
2/τa]} |2,
(S48)
T4(4) =| 2/(τ1τ2)1/2(−jµ+ 2/τa)3/{[j2pi(f − f0)
+ 1/τ0 + 1/τ1 + 1/τa]×[j2pi(f − f0) + 1/τ0+
1/τ2 + 1/τa][j2pi(f − f0) + 1/τ0 + 2/τa]2 + jµ
×(−jµ+ 2/τa)[j2pi(f − f0) + 1/τ0 + 1/τ1+
1/τa][j2pi(f − f0) + 1/τ0 + 1/τ2 + 1/τa] + jµ
×(−jµ+ 2/τa)[j4pi(f − f0) + 2/τ0 + 1/τ1+
1/τ2 + 2/τa][j2pi(f − f0) + 1/τ0 + 2/τa] + (jµ)2
(−jµ+ 2/τa)2} |2 .
(S49)
II. IN THE CASE OF µ→ 0, TRANSMISSION
SPECTRUMS OF THE HONAF SYSTEM
When order N = 1 to 3, according to (S45) and (S53),
the transmission spectrums of all the ports of HONAF
under a specific f0, τ1, τ2 and τa (ignoring the influence
of τ0) are obtained, as shown in Fig. S1.
It can be intuitively seen from Fig. S1(a) to S1(c) that
when τ1, τ2 and τa are not the same, 1 > T4(1)max >
T4(2)max = T4(3)max. According to Fig. S1(d) to S1(f),
when τ1 = τ2 = τa, T4(N)max ≡ 1. It can also be intu-
itively seen from Fig. S1 that the bandwidth of trans-
mission spectrums decreases with the increase of N , i.e.
the Q of the HONAF will increase with the increase of
N .
III. IN THE CASE OF τ1 = τ2 = τa, τ0 = 0 AND
µ = 0, QUALITY FACTOR EQUATIONS OF THE
HONAF SYSTEM
The quality factor is generally defined as Q = pif0τ ,
(Q = f0/∆f can also be defined from the transmis-
sion spectrums, ∆f is the full width at half maximum
(FWHM) of the passband) [SF3], and 1/τ = Σ∞i=11/τi,
where τ represents the total lifetimes, τi represents the
lifetimes of each leaky components, and f0 represents the
resonance frequency of cavity [SF1]. Assume that the
quality factor of a single isolated cavity is Q0, for the
model in this paper (the self-loss of the cavities is ig-
nored), it can be obtained
Q0 = pif0τ, (S50)
1/τ = 1/τ1 + 1/τ2, (N = 1), (S51)
1/τ = 1/τ1 + 1/τa = 1/τ2 + 1/τa, (N ≥ 1), (S52)
(12) and (17) in the text are also utilized, that is
T4(N) =| 2
N/(τ
1/2
1 τ
1/2
2 τ
N−1
a )
j2pi(f − f0) + 1/τ0 + 1/τ1 + 1/τa
× 1
j2pi(f − f0) + 1/τ0 + 1/τ2 + 1/τa
× 1
[j2pi(f − f0) + 1/τ0 + 2/τa]N−2 |,
(S53)
τ1 = τ2 = τa. (S54)
Substituting (S50), (S51) and (S54) into (S45); (S50),
(S52) and (S54) into (S53), and then combine and sim-
plify to get
T4(N) = [
1/(2Q)2
(f − f0)2/f20 + 1/(2Q0)2
]N , (N ≥ 1). (S55)
Assume that the above equation is T4(N)(f = f1) =
1/2, f1 is the position of the FWHM frequency points
from the transmission spectrums, and utilize
QN = f0/ | 2f1 − 2f0 | . (S56)
Simplify to get
QN = Q0(2
1/N − 1)−1/2, (N ≥ 1). (S57)
4FIG. S1. Transmission spectrums of the HONAF, suppose f0 = 0.56365 × c/a, (a is the lattice constant, c is the speed of
light in the vacuum, and assume a = 14 mm, same below), τ1 = 8.5765 × 10−7 s, µ = 0. (a)-(c) respectively represent the
transmission spectrums of the HONAF when N = 1, 2 and 3, and the parameter values (a) τ2 = 3.5765 × 10−7 s; (b)-(c)
τ2 = τa = 3.5765 × 10−7 s; (d)-(f) correspond to the transmission spectrums of the HONAF when N = 1, 2 and 3 satisfy the
condition τ1 = τ2 = τa.
The formula is equation of quality factor of the HONAF
in the case of cascaded any number of cavities.
When N = 1 to 5000, the change spectrum of QN is
shown in Fig. S2. Obviously, with the increase of N , QN
increases monotonically and the line spectrum is upward
convex type. In the case of large N value, the growth
of QN will become slower, which is consistent with the
theoretical analysis.
FIG. S2. The QN of the HONAF varies with the number of
cascaded cavities N , assuming Q0 = 60792.
IV. TRANSMISSION SPECTRUMS OF THE
HONAF SYSTEM WITH µ PLAYING A
LEADING ROLE
According to (S43), under some parameter values of
N , τ1, τ2, τa and µ, the transmission spectrums of all the
ports of the HONAF (Specific expressions refer (S47) to
(S49)) is shown in Fig. S3.
As can be seen from Fig. S3(a) to S3(c), with the
increase of µ, T4(N) is divided from a single formant
(µ = 0) into multiple formants (µ 6= 0, and the num-
ber of formants is equal to N). When µ is diminutive,
the formants appear peak spikes and split to both ends,
as shown in Fig. S3(b) black arrow. When µ is large
enough, the formants split completely, as shown in Fig.
S3(c). By comparing the N = 2 and N = 3 transmis-
sion spectrums of port P4 in Figs. S3(b) and S3(c), it
is found that when N value is large, it is more likely
to split into multiple formants. This means that in the
actual HONAF structure, even if the coupling distance
between the nearest neighbor cavities is large, as N in-
creases, its transmission spectrums will inevitably split
from single formant to multiple formants. By comparing
the transmission spectrums of P4 port in Figs. S3(c) and
S3(d), it is found that when µ continues to increase (τa
changes correspondingly; τ1 and τ2 remain unchanged,
and τ0 = 0), the distance between the formants will in-
crease, which the bandwidth will decrease. It can be seen
from Figs. S3(e) and S3(f) that the formants on both
5FIG. S3. The transmission spectrums of all the ports of the HONAF. Assuming f0 = 0.56365× c/a, τ1 = τ2 = 8.5765× 10−7
s, ignoring the influence of τ0, (a)-(c) is the transmission spectrums of port P4 under different τa and µ when N = 2, 3. (d)-(f)
respectively represent the transmission spectrums of all the ports when N = 2, 3 and 4, and when τa and µ are determined.
Parameter values (a) τa = 8.5765 × 10−7 s, µ = 0; (b) τa = 8.5765 × 10−4 s, µ = 3.0670 × 106 s−1; (c) τa = 1.5765 × 10−3 s,
µ = 1.6670× 107 s−1; (d)-(f) τa = 2.8677× 10−1 s, µ = 1.3674× 108 s−1.
sides possess a diminutive bandwidth, while the formants
in the middle possess a large bandwidth. Furthermore,
the central frequency points of each formants after split-
ting are symmetric about f0.
V. TRANSMISSION EFFICIENCY EQUATIONS
OF THE CROWS SYSTEM
The CROWs are composed of multiple cavities coupled
side by side in a cascade [SF3, SF4]. Therefore, the two
waveguide channels of the above four-port system are
deleted, or the waveguide channels are changed into input
and output couplers (i.e. the waveguide is the input and
output port), which constitute the basic model of the
universal CROWs system.
It is assumed that the input and output ends are fully
coupled to the cascaded cavities and that the waveguide
and each single cavity support only one mode in the same
frequency band. The normalized amplitudes of the input
and output fields of the waveguide are Sx and Sy, respec-
tively. According to the equations above, the output end
Sy of the CROWs is
Sy = SNN = S4, (S58)
and Sx = S1, then the transmission efficiency of the out-
put is
T =| Sy
Sx
|2=| S4
S1
|2 . (S59)
Obviously, this equation is consistent with (S43). This
equation can be used for the analysis of any CROWs
system, is not limited to the input and output is similar
the coupler of reciprocity waveguide structure CROWs.
Moreover, this equation can be used to analyze the vari-
ation of the transmission efficiency of the CROWs with
the coupling intensity of the cascade cavities (limited to
the weakly coupled system, and the input and output
ends are fully coupled to the cascaded cavities).
VI. MODEL AND PERFORMANCE ANALYSIS
OF THE HONAF S
The theoretical model established in this paper can
be widely used in various cascaded cavities systems. In
order to prove the correctness of the theoretical predic-
tion and the consistency with the simulation results, the
basic cascaded unit S (yellow scatterers in Fig. S4(a))
is arbitrarily taken, which constructs the HONAF S, as
shown in Fig. S4(b). The topological waveguide chan-
nels are constructed by using GPCs, whose structure pa-
rameters and related settings are consistent with the text
HONAF. As can be seen from the structure of HONAF S
in Fig. S4(b), the coupling distance between the nearest-
neighbor cavities is enough large, so that µ is enough
diminutive, and it can be considered that µ = 0. Ac-
cording to Section II of the text, the formants should be
degenerate with different N values, with only one single
6FIG. S4. (a) Decagonal Penrose PQCs structure; (b) 2nd-
order HONAF model.
formant.
The transmission performance of the HONAF S is ana-
lyzed below. With initial structure parameters and when
order N = 1 to 6, the transmission spectrums of all
the ports of HONAF S are obtained, as shown in Fig.
S5. The numerical simulation results of the HONAF S
in Fig. S5 are basically consistent with the theoretical
prediction. When the HONAF S is in resonance state
and N = 1, T2(1) ≈ 0, T4(1) ≈ 1, the drop efficiency
reaches almost 100 percent, while T3(1) ≡ 0 due to the
nonreciprocal waveguide. When N = 2 to 6, T2(N) > 0,
T4(N) < 1, the reason is τ1 6= τa, (τ1 = τ2 is known
from the symmetry of the structure) as mentioned in
Section II of the text. In addition, when N increases,
peak spikes appear in the P4 port transmission spectrum.
This is because, with the increase of N , the interaction
between cascaded cavities is enhanced, so that single for-
mant tends to split into multiple formants. Moreover,
with the increase of N , the bandwidth of a single for-
mant decreases, which also conforms to the theoretical
results. When N = 1 to 6, the transmission spectrums
FIG. S5. Transmission spectrums of all the ports of the
HONAF S.
FIG. S6. When N = 1 to 6, transmission spectrums of port
P4 of the HONAF S.
of port P4 is shown in Fig. S6.
As can be seen from Fig. S6, with the increase of N ,
the out-of-band rejection ratios of the HONAF S also in-
creases. When N = 6, the out-of-band rejection ratios
reaches 85 dB. With the increase of N , the formants in
the T4(N) transmission spectrums gradually changes from
a peak to a rectangular peak (or flat peak), whose posi-
tion moves toward the high frequency (i.e. blueshifts), as
shown by the black arrow in Fig. S6. According to Fig.
S5, it is found that the increase of the out-of-band rejec-
tion ratios, the appearance of the rectangular peak and
the blueshifts of the formants are all caused by the en-
hancement of the interaction between cascaded cavities
with the increase of N .
The distribution laws of electric fields Ez in the cas-
caded cavities resonance of the HONAF S are analyzed
below. Through the studies, it is found that when N in-
creases, there are N distribution forms of cascaded cavi-
ties electric field, i.e. there are N resonance states of the
HONAF S. When the order N = 1 to 3, the electric fields
distribution diagrams of cascaded cavities resonance are
obtained, as shown in Fig. S7.
Obviously, the resonance form of cascaded cavities is
whispering gallery modes. In this kind of structure, the
photons are concentrated in a single cavity and do not
FIG. S7. N = 1 to 3, the cascaded cavities of HONAF S
is in resonance, the electric fields Ez distribution diagrams.
f0 represents the resonance frequency, and the subscript Ni
represents the i−th resonance state of the cascaded N cavities,
the same as below.
7remain between adjacent cavities, indicating that the in-
teraction between cascaded cavities is weak. The electric
fields in the cascaded cavities are distributed in positive
and negative phases, and for a certain value of N (≥ 2),
the electric fields directions of each pair of adjacent cavi-
ties in the cascaded cavities are both symmetric and an-
tisymmetric. Because the interaction between the cas-
caded cavities is diminutive, the difference between the
resonance frequencies of different resonance states under
a certain N value is very diminutive. Therefore, from
the perspective of the transmission spectrums, each res-
onance frequency point is degenerate. In fact, as long
as µ 6= 0 is satisfied, the frequency splitting situation
must exist. With the increase of N value, the number
of resonant states of the cascaded cavities increases, and
the influence of µ also increases, so that the frequency
splitting trend becomes obvious. As shown in Fig. S5,
the transmission spectrums of the HONAF S shows peak
spikes.
According to each resonant state of the cascaded
cavities, a quality factor Q can be obtained by numerical
calculation to measure the filtering performance of this
resonant state. Therefore, the quality factor of each
resonant state in Fig. S7 is calculated: Q011 = 60792,
Q021 = 121338, Q022 = 121326, Q031 = 216732,
Q032 = 121368, and Q033 = 272423. However, accord-
ing to (S54), Q|N=1 = 61910, Q|N=2 = 118419, and
Q|N=3 = 111840 can be calculated from the transmission
spectrums. When N 6= 1, the Q value obtained by
the above two methods describes a completely different
state. The former represents the frequency selection
performance of a single resonant frequency point in
the cascaded cavities, and the corresponding frequency
point is completely split. This calculation method
is not applicable to models such as the HONAF S
(degeneracy of each resonant frequency point). The
latter describes the frequency selection performance of
cascaded cavities resonance frequency degeneracy, which
should be selected in practical application for the models
such as the HONAF S. The difference superposition
of the resonance frequencies points (blueshifts of the
resonance frequencies points, without complete degen-
eracy) increases the bandwidth of the formants after
superposition. Hence, the exception of Q|N=1 < Q|N=2,
in the case of N ≥ 2, the actual quality factor Q is going
to decrease as N goes up. Therefore, in this case, more
cavities through cascades have little contribution to the
increase of quality factor of the HONAF S, the number
of cascaded cavities Nmax = 2. Increasing the coupling
distance between the cascaded cavities is an attempt to
improve the quality factor (i.e. reducing the interaction
factor µ between the cascaded cavities). However, as
mentioned in Section II of the text, excessive coupling
distance will lead to a decrease in the coupling rate
between the waveguide channels and the cavities and a
decrease in drop efficiency. However, for CROWs, the
bandwidth increases and the transmission spectrums
changes from a peak to a rectangular peak are excellent
[SF3].
VII. DISTRIBUTION LAWS OF THE
ELECTRIC FIELDS Ez IN THE HONAF
The distribution laws of electric fields Ez in the cas-
caded cavities resonance of the HONAF are analyzed.
When the order N = 1 to 6, the electric fields distribu-
tion diagrams of the cascaded cavities in resonance can be
calculated, as shown in Fig. S8. The resonance mode of
cascaded cavities is also whispering gallery modes. The
electric fields in the cascaded cavities are distributed in
positive and negative phases, and for a certain value of
N (≥ 2), the electric fields directions of each pair of cav-
ities are both symmetric and antisymmetric. As can be
seen from Fig. S8, when the HONAF is in the intermedi-
ate resonance state the photons are concentrated in the
cavities at the left and right ends, while in the resonance
state at the left and right ends, the photons are concen-
trated in the cavities in the middle, and the trend of this
law is more obvious with the increase of N . In addition,
because the coupling distance between the cascaded cav-
ities is close, the cascaded cavities almost form a whole
structure. The photons are not only localized in the cavi-
ties, but also localized between adjacent cavities. There-
fore, the cascaded cavities can be regarded as a whole
cavity structure, which possesses multiple resonance fre-
quencies. The positions of these resonance frequencies
are determined by the structure of the whole cavity it-
self. In this case, the distribution of multiple resonance
frequencies in the whole cavity is more complex, which
may possess symmetrical properties or be dispersed ran-
domly. The results are consistent with those obtained in
Section II of text.
FIG. S8. When N = 1 to 6, the cascaded cavities of the
HONAF is in resonance, the electric fields Ez distribution
diagrams.
8[SF1] J. N. W. J. D. Joannopoulos, S. G. Johnson and R. D.
Meade, Photonic crystals: molding the flow of light. New
Jersey, USA: Princeton University Press, 2 ed., 2008.
[SF2] J. Zhou, W. Han, Y. Meng, H. Song, D. Mu, and
W. Park, “Optical properties of direct and indirect cou-
pling of cascaded cavities in resonator-waveguide sys-
tems,” Journal of Lightwave Technology, vol. 32, no. 21,
pp. 3502–3508, 2014.
[SF3] F. Morichetti, C. Ferrari, A. Canciamilla, and A. Mel-
loni, “The first decade of coupled resonator optical waveg-
uides: Bringing slow light to applications,” Laser and Pho-
tonics Reviews, vol. 6, no. 1, pp. 74–96, 2012.
[SF4] H. Liu and S. Zhu, “Coupled magnetic resonator optical
waveguides,” Laser and Photonics Reviews, vol. 7, no. 6,
pp. 882–900, 2013.
